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Abstract
We continue the study of a novel relation between quantum periods and
TBA(Thermodynamic Bethe Ansatz)-like difference equations, generalize pre-
vious works to a large class of Calabi-Yau geometries described by three-term
quantum operators. We give two methods to derive the TBA-like equations.
One method uses only elementary functions while the other method uses Fad-
deev’s quantum dilogarithm function. The two approaches provide different
realizations of TBA-like equations which are nevertheless related to the same
quantum period.
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1 Introduction
Period integrals are ubiquitous in mathematics and physics. For example, they are
essential ingredients in classic mirror symmetry [1], in the solutions of Seiberg-Witten
gauge theories [2], and are also frequently related to appealing mathematical objects
like modular forms [3]. They even appear in some phenomenologically relevant topics,
e.g. in Feynman diagram calculations [4]. On the other hand, Bethe Ansatz has served
as a cornerstone in the developments of exactly solvable many-body quantum systems
for almost a century. We will consider a type of difference equations similar to those
that appear in the Thermodynamic Bethe Ansatz (TBA).
Quantum periods have been a useful tool in recent studies of topological string
theory and related topics. We will consider local Calabi-Yau geometries which can
be described by a complex one-dimensional mirror curve with complex coordinates
(x, p). Promoting the coordinates to canonical quantum position and momentum
operators, we can then compute the quantum periods as integrals of a quantum
corrected differential one-form over cycles, see e.g. [5]. In this paper, we will consider
the case of simple cycles where the calculations of period integral reduce to a residue.
These cycles are usually known as A-cycles. In Calabi-Yau geometries, the classical
A-period is the mirror map between from complex structure moduli of a Calabi-Yau
space to the Kahler moduli of the mirror Calabi-Yau. So the quantum A-period is also
known as the quantum mirror map. While the direct computations of the quantum
periods over the other complicated cycles are more difficult, the quantum corrections
are determined by the same differential operators as the quantum A-period, see e.g.
[6, 7]. These developments in quantum periods lead to exciting results such as the
calculations of topological string free energy in the NS limit [8], quantum spectra
[9, 10], exact quantizations including non-perturbative effects [11, 12]. The quantum
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mirror maps for a class of del Pezzo Calabi-Yau geometries with exceptional symmetry
are recently studied in [13].
We will study the novel relation between quantum periods and TBA-like equa-
tions proposed in [14, 15]. In particular, we focus on the parts concerning quantum
A-periods which can be determined by a residue calculation at finite Planck constant
~. The original proposal is for a particular local P1 × P1 Calabi-Yau geometry re-
lated to the ABJM (Aharony-Bergman-Jafferis-Maldacena) theory [16] and has been
generalized recently by one of the authors [17] to include the mass parameter in the
Calabi-Yau geometry. The case of local P2 model was also studied in [18]. Some
related papers leading to the relation include [19, 20, 21, 22], starting from e.g. early
papers [23, 24]. In this paper, we will further explore the relation and generalize to a
large class of local Calabi-Yau geometries.
This paper is organized as the followings. In Section 2 we review some general
formalism. We will then use the general formalism to derive the proposal in the
previous paper [17] for TBA-like equations for the P1 × P1 geometry, including the
mass parameter. In Section 3, we consider the class of local Calabi-Yau geometries
described by three-term operators. We compute the quantum periods for a one-
parameter deformation in the moduli space. It turns out that the quantum mirror
curves can be transformed by some elementary manipulations to a form so that the
general formalism can apply. We write down the corresponding TBA-like equations in
this way and check the relations with quantum periods. In Section 4, we take another
approach that expresses the operators in terms of Faddeev’s quantum dilogarithm.
We then follow the literature to derive the corresponding TBA-like equations. It
turns out the final equations also involves only elementary functions due to some
useful formulas of the quantum dilogarithm. In the final Section 5, we discuss some
potential applications, intriguing features of our results and future directions.
2 Quantum periods and TBA-like equations
In this section, we shall briefly review the general derivation of the relation between
quantum period and TBA-like equation as well as the specific application to the local
P1 × P1 model, which will provide a useful ground for further generalizations.
The classical mirror curves of local Calabi-Yau geometries can be quantized by
promoting the two complex coordinates of the curves to quantum position and mo-
mentum operators with the canonical commutation relation [xˆ, pˆ] = i~. Acting the
quantized mirror curve on a wave function usually gives a difference equation, due to
the appearance of the exponential epˆ. We can then compute the quantum A-period
ΠA by a simple residue calculation, see e.g. [5]. The quantum B-period involves
cycle integrals over to infinity and is generally much more complicated to do than the
quantum A-period. The quantum periods depend on the complex structure moduli
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of the mirror curves as well as the Planck constant ~.
The quantization of the mirror curve defines a quantum spectral problem, as we
parametrize the dynamical complex structure moduli in terms of Hamiltonians and
separate them out. In this paper we consider Calabi-Yau geometries or a subfamily of
its moduli space with only one dynamical modulus. In this case, after some changes
of variables, we can write the spectral equation as
ρ(xˆ, pˆ)|ψ〉 = e−E|ψ〉, (2.1)
where the energy E is related to the only dynamical complex structure modulus. The
spectral operator is a Hermitian trace class operator with discrete eigenvalues. For
the purpose of deriving the corresponding TBA-like equation, it needs to have the
following form
ρ(xˆ, pˆ) = u(xˆ)−
1
2 [2 cosh(pˆ)]−1u∗(xˆ)−
1
2 , (2.2)
where the function u(x) may depends on non-dynamical mass parameters of the
Calabi-Yau geometries. The matrix element in terms of position eigenstates can be
computed by a simple Fourier transform of the cosh(p)−1 function
〈x1|ρ|x2〉 = u(x1)
− 1
2u∗(x2)−
1
2
4~ cosh(pi(x1−x2)
2~ )
(2.3)
In the 1990’s, it was conjectured in [23] and proved in [24] that the spectral
equation (2.1) is related to some TBA-like equations which first appeared in the
context of two-dimensional N = 2 supersymmetric theories [25, 26]. The integral
form of the TBA-like equations can be transformed to a difference equation by a
Fourier transform, e.g. for the case of ABJM theory in [20]. We will use the TBA-like
difference equation for a function η(X)
1 + z[η(qX) + η(X)][η(q−1X) + η(X)]|u(q 12X)u(q− 12X)| = η(X)2, (2.4)
where the parameters are X = ex, q = ei~. The z parameter should be identified
with the complex structure moduli parameter. We will study the relation proposed
more recently in [14] that the derivative of quantum A-period z∂zΠA is related to
the constant term of X in the Laurent expansion of η(X), or equivalently a residue
of x = log(X). We note that the function u(x) is defined in (2.2) up to a constant
factor which can come from a shift of the energy E in (2.1). Since our derivation
here is only motivational but not completely rigorous, in practice, the determination
of such constant factor as well as the precise relation of the quantum A-period with
the residue from the TBA-like equation will be obtained by comparing the results for
specific Calabi-Yau geometries.
Let us review the case of local P1 × P1 model, which has the mirror curve
ex + ep + z1e
−x + z2e−p = 1. (2.5)
3
Promote the x, p coordinates to quantum operators and consider a particular case
z1 = q
− 1
2 z, z2 = q
1
2 z which corresponds to the ABJM theory 1. We make a change of
variables
xˆ→ xˆ
2
− pˆ− i~
4
− E, pˆ→ xˆ
2
+ pˆ+
i~
4
− E, z → e−2E, (2.6)
which preserve the same canonical commutation relation. Acting the mirror curve on
a quantum state |φ〉 we get
4 cosh(
xˆ
2
) cosh(pˆ)|φ〉 = eE|φ〉. (2.7)
Finally we make a change of quantum state |φ〉 = (e xˆ2 + e− xˆ2 ) 12 |ψ〉 so that we have a
spectral equation in the form of (2.1, 2.2), with the function u(x) = e
x
2 + e−
x
2 . This
provides the corresponding TBA-like equation for the ABJM theory by plugging the
function into (2.4).
The case of general P1×P1 model where the complex structure parameters include
the mass parameter z1 = e
m˜z, z1 = e
−m˜z is considered in [17], and the corresponding
TBA-like equation is proposed. Here we use a tilde symbol for the mass parameter
m˜ to distinguish from the integer in the next sections. However, unlike the particular
case z1 = q
− 1
2 z, z2 = q
1
2 z for ABJM theory, in the general case it seems difficult
to write the spectral equation in the form of (2.1, 2.2) by simple manipulations of
elementary functions. Instead, we will need to use Faddeev’s quantum dilogarithm
function, defined in [27]. We list some useful properties in Appendix A. The quantum
operator with general mass parameter can be written in the form of of (2.1, 2.2), as
described in [28, 29, 30]. We quote the result in [30] in terms of our current notation
ρ = (exˆ + epˆ + em˜e−xˆ + e−m˜e−pˆ)−1 = f(xˆ′)[2 cosh(pˆ′)]−1f ∗(xˆ′), (2.8)
where the redefined variables are
xˆ′ = xˆ− pˆ− m˜, pˆ′ = 1
2
(xˆ+ pˆ− m˜), (2.9)
which satisfy the same canonical commutation relation. The function f(x) is defined
in terms of the quantum dilogarithm
f(x) = e
x
4 Φb(
x− m˜
2pib
+ i
b
4
)Φb(
x+ m˜
2pib
− i b
4
)−1, (2.10)
with the parameter definition b =
√
~
pi
. Using the well known functional relations of
quantum dilogarithm, it is straightforward to calculate
|f(x+ i~
2
)f(x− i~
2
)|−2 = ex + e−x + em˜ + e−m˜. (2.11)
1In the previous paper [17], we use a different parametrization z1 = q
1
2 z, z2 = q
− 12 z, which gives
the same result for quantum A-period. However, the present parametrization is suitable for writing
the spectral equation in the form of (2.1, 2.2) in terms of elementary functions.
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So we can now derive the TBA-like equation for P1 × P1 model with general mass
parameter
1 + z[η(qX) + η(X)][η(q−1X) + η(X)](X + 1/X + em˜ + e−m˜) = η(X)2, (2.12)
which confirms the proposal in the previous paper [17].
3 The Om,1 operators: first method
We consider a class of three-term quantum operators of the form
Om,n = exˆ + epˆ + e−mxˆ−npˆ, (3.1)
which were also studied in [28]. Here m,n are natural numbers and in this section
we will focus on the case of n = 1 where the corresponding TBA-like equation can be
derived by the elementary method in this section. The case of m = n = 1 corresponds
to the well studied local P2 Calabi-Yau geometry, while the case of (m,n) = (2, 1)
corresponds to a subfamily of local Hirzebruch F2 Calabi-Yau geometry. In gen-
eral, the operator corresponds to a C3/Zm+2 resolved orbifold Calabi-Yau space. For
m > 2, the operator has multiple complex deformations which correspond to dif-
ferent dynamical Hamiltonians, we will consider a one-parameter subfamily of such
deformations.
The quantum mirror curve of the Om,1 operator can be parametrized as
exˆ + epˆ + ze−mxˆ−pˆ = 1. (3.2)
The calculation of the quantum A-period is now well known, see e.g. [5]. We act the
quantum curve on a wave function ψ(x) and denote V (x) = ψ(x)
ψ(x−i~) , then we have a
difference equation
X − 1 + 1
V (X)
+
zV (qX)
q
m
2 Xm
= 0, (3.3)
where again the notation is X = ex, q = ei~. The difference equation for V (X) can be
solved perturbatively as a power series in z, and for example up to order z we have
the expression
V (X) =
1
1−X +
q−
m
2 X−mz
(1−X)2(1− qX) +O(z
2). (3.4)
We consider the residue around X = 0
Πm = ResX=0
log[V (X)]
X
= ResX=0
log[(1−X)V (X)]
X
. (3.5)
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We compute the residue and list some explicit expressions for small m’s
Π1 =
(1 + q)z√
q
+
[2(1 + q4) + 7(q + q3) + 12q2]z2
2q2
+ [3(1 + q9) + 9(q + q8)
+ 36(q2 + q7) + 88(q3 + q6) + 144(q4 + q5)]
z3
3q9/2
+O(z4),
Π2 =
(1 + q + q2)z
q
+ [
27
2
+ 10(q + q−1) +
13
2
(q2 + q−2) + 2(q3 + q−3) + q4 + q−4]z2
+O(z3),
Π3 =
(1 + q + q2 + q3)z
q
3
2
+ [24 +
39
2
(q + q−1) + 15(q2 + q−2) +
19
2
(q3 + q−3)
+ 4(q4 + q−4) + 2(q5 + q−5) + q6 + q−6]z2 +O(z3),
Π4 =
(1 + q + q2 + q3 + q4)z
q2
+ [
75
2
+ 10(q + q−1) + 32(q + q−1) +
53
2
(q2 + q−2)
+ 20(q3 + q−3) +
27
2
(q4 + q−4) + 6(q5 + q−5) + 4(q6 + q−6) + 2(q7 + q−7)
+ q8 + q−8]z2 +O(z3),
(3.6)
For the cases of m = 1, 2, the small z limit represents the large volume points
in the local P2 geometry and the local F2 geometry with a special mass parameter.
We need to add an appropriate log(z) term which is well known to present in the
classical A-period but not captured by the residue calculations here. So we can write
the quantum A-period as
ΠP2,A = log(z) + 3Π1, ΠF2,A = log(z) + 4Π2. (3.7)
Here the proper combinations can be found by comparing with the classical period,
are also available in e.g. [12], with the mass parameter in F2 geometry set to zero.
However, for the cases of m > 2, the small z limit may not be the large volume
point of the Calabi-Yau geometry. For example, consider the case of m = 3, a
parametrization of the resolved C3/Z5 mirror curve can be found in e.g. [31] as
exˆ + epˆ + e−3xˆ−pˆ + x0e−xˆ + x3 = 0, (3.8)
where x0, x3 are related to the Batyrev complex structure coordinates by
z1 =
x3
x30
, z2 =
x0
x23
. (3.9)
The large volume point is (z1, z2) ∼ (0, 0). On the other hand, we can relate to the
curve (3.2) by setting x0 = 0 and shift the operators xˆ, pˆ. The parameter in the curve
(3.2) is then related z = x−53 . We see that the small z ∼ 0 limit here is not the large
volume point (z1, z2) ∼ (0, 0). In other points of the moduli space such as conifold and
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orbifold points, the classical mirror map is regular with no logarithmic behavior, so in
those cases we will not need to add a log(z) term to obtain the quantum A-period. In
the followings, we will simply use the residue Πm, which is actually more convenient
for the purpose of comparing with the calculations from the corresponding TBA-like
equations.
To derive the corresponding TBA-like equation, we change variables
xˆ→ xˆ, pˆ→ −mxˆ
2
+ pˆ− im~
4
− E, z → e−2E. (3.10)
Acting the mirror curve on a quantum state |φ〉, we find
2 cosh(pˆ)|φ〉 = emxˆ2 (1− exˆ)eE|φ〉. (3.11)
After a simple redefinition of the quantum state, we can now write the spectral
equation in the form of (2.1, 2.2) with the function u(x) = e−
mx
2 (1− ex)−1.
We should note that unlike the examples in [28], in our case the integral
∫∞
−∞ |u(x)|−1dx
is actually divergent, which implies the corresponding integral kernel (2.2) may not
be a trace class operator. However this is not really an issue since we are not studying
the spectral theory, but just use it as a formal trick to derive the TBA-like equations.
Our end result should justify ignoring such subtleties in the process.
So using (2.4), we arrive at a TBA-like equation for the Om,1 operator
1 + z[ηm(qX) + ηm(X)][ηm(q
−1X) + ηm(X)]/[Xm+1(X +X−1− q 12 − q− 12 )] = ηm(X)2.
(3.12)
Here since X = ex > 0 and we will take residue around X, we can assume the function
always has definite sign X + X−1 − q 12 − q− 12 > 0 in the absolute value in (2.4). We
can solve this difference equation for ηm(X) as a perturbative series of z. With the
plus sign leading term, we find e.g, up to order z term
ηm(X, q, z) = 1 +
2z
Xm+1(X +X−1 − q 12 − q− 12 ) +O(z
2). (3.13)
We take the residue and check up to the first few orders that it is indeed simply
related to the residue (3.6) in quantum periods for some small numbers m by the
following
ResX=0
1
X
ηm(X, q, z) = 1 + 2θzΠm, (3.14)
where θz ≡ z∂z. Unlike the case of P1 × P1 model, here we have some non-trivial
constants in the relation. Since we do not give a rigorous proof of the relation, these
constants are determined here on a rather ad hoc basis by checking the results.
The case m = 2 is somewhat interesting, as it is known that the F2 model is related
to the F0 ≡ P1 × P1 model by a reparametrization. The relation of parameters can
be found in e.g. [12]. Basically, our case corresponds to setting the mass parameter
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m˜ = pii
2
in the TBA-like equation (2.12) for the P1 × P1 model. There is also a
rescaling of parameter z → z 12 due to different scalings with respect to the energy
in the parametrization of the curves. So we have another TBA-like equation for the
m = 2 case as
1 + z
1
2 [η˜(qX) + η˜(X)][η˜(q−1X) + η˜(X)](X + 1/X) = η˜(X)2. (3.15)
The perturbative solution for η˜ has half integer powers of z. However after taking
residue, only the integer powers survive. We check that it is indeed simply related to
η2 by the following intriguing equation
ResX=0
1
X
[2η2(X, q, z)− η˜(X, q, z)] = 1. (3.16)
4 The Om,1 operators: second method
In this section, we provide another method to derive the TBA-like equation for the
quantum periods of the curves (3.2) of the Om,1 operator in the previous section
3. This approach use the formulas in [28] for writing the O−1m,n operator in terms
of Faddeev’s quantum dilogarithm, in similar fashion as in (2.1, 2.2). The notable
difference is that the momentum operator is shifted by a constant. The derivations
of the TBA-like equations with this shift have been worked out in [18], following the
earlier original paper [24]. The paper [18] also already provided some tests of the
proposal of [14] for the P2 model in a semiclassical small ~ expansion. Our focus will
be a simpler small z expansion which keeps ~ finite similar as in the previous section.
Our method will be easily generalized to the cases of Om,1 operators.
We provide a brief review of some crucial technical steps in [18], and extract the
relevant TBA-like difference equations for our purpose. For simplicity, we give most
details for the P2 model, i.e. m = 1 case, and then just present the results for general
cases which are similarly derived. As we will see, although the TBA-like equations
look very different from those in the previous section, the relevant residues are related
to the same quantum period.
After a change of coordinates x, p, as well as a similarity transformation of the
inverse of the operator (3.1), which were discussed in details in [28, 18], the integral
kernel becomes the following expression
〈x1|ρm,n|x2〉 = um,n(x1)
− 1
2um,n(x2)
− 1
2
2(m+ n+ 1)~ cosh( pi(x1−x2)
(m+n+1)~ +
i(m−n+1)pi
2(m+n+1)
)
, (4.1)
where the potential um,n(x) can be described by Faddeev’s quantum dilogarithm
um,n(x) = e
− m
m+n+1
x|Φb(x− i~(m+ 1)/2
2pib
)|2, (4.2)
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with the parameter b :=
√
(m+n+1)~
2pi
. Though the original operator (3.1) is symmetric
in (m,n), it is obscured by the quantum dilogarithm and furthermore not respected
by the similarity transformation. Using the quasi-periodic relation of the quantum
dilogarithm in Appendix A, it is straightforward to obtain the following product
formula
(m+n)/2∏
k=−(m+n)/2
um,n(q
kX) = X−m
∏−n+1
2
k=−m−n+1
2
Φb(
x+i~k
2pib
)∏m+n+1
2
k=n+1
2
Φb(
x+i~k
2pib
)
= X−m
m/2∏
k=−m/2
(1 + qkX),
(4.3)
where the notations are q = ei~, X = ex. We see that the quantum dilogarithms
cancel out in the product, so the result is actually just an elementary function. This
will be quite useful since we would like to have nice TBA-like equations involving
only elementary functions.
Now we specialize to the m = n = 1 case which is the local P2 model. The integral
kernel can be written as
ρ(x1, x2) =
√
E(x1)E(x2)
αM(x1) + α−1M(x2)
, (4.4)
where the notations are
α = eipi/6, ω = −α−2 = e2ipi/3, (4.5)
E(x) =
1
3~
M(x)
u(x)
, M(x) := e
2pix
~ , u(x) := u1,1(x). (4.6)
We need to define some more notations. The resolvent operator is defined by the
integral kernel R(κ) := ρ
1−κρ , and we split it into 3 parts
Rk(κ) =
κkρk+1
1− (κρ)3 , (k = 0, 1, 2) (4.7)
R(κ) =
2∑
k=0
Rk(κ). (4.8)
We also need to define a series of functions by recursion from an initial function
φj(x) :=
∫ ∞
−∞
dx
′ 1√
E(x)
ρ(x, x
′
)
√
E(x′)φj−1(x
′
), φ0(x) = 1. (4.9)
Like Rk(κ), we can also split the generating functions of φl’s into 3 parts as
Ψk :=
∞∑
j=0
κk+3jφk+3j, Ψ¯k :=
∞∑
j=0
κk+3jφ¯k+3j, k = 0, 1, 2, (4.10)
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where φ¯k denotes the complex conjugate of φk.
From the definitions of the functions, it is straightforward to find the relations
between φj to ρ
j [18]. So the generating function Ψk is related to Rk as
Rk(x, x
′
) = α−1
√
E(x)E(x′)
M(x)− ωk+1M(x′)
2∑
r=0
ωrΨr(x)Ψ¯k−r(x
′
). (4.11)
In our consideration the integral kernel ρ is a trace class operator, so the function of
Rk is well defined, in particular with no singularity at the diagonal elements x = x
′.
For the case k = 2, the denominator in (4.11) is zero when x = x′, so we have a
constrain for the Ψr functions
2∑
r=0
ωrΨr(x)Ψ¯2−r(x) = 0. (4.12)
In the following discussions we will only need to use the diagonal function well defined
by Rk(x) := limx′→xRk(x, x
′
).
Now we will build up the TBA difference equations, from the Lemma 2 in [24],
we have the difference equation about Ψk
Ψk(x+ i~)−Ψk(x− 2i~) = κω
−1/2
u(x)
Ψk−1,
Ψ¯k(x− i~)− Ψ¯k(x+ 2i~) = κω
1/2
u(x)
Ψ¯k−1,
(4.13)
where k is modulo 3. The above relations are not enough to build TBA-like differ-
ence equations. We need some other important relations called “quantum Wronskian
relations”, which are
2∑
r=0
ωrΨr(x+
1
2
i~)Ψ¯3−r(x− 1
2
i~) = 1,
2∑
r=0
ωrΨr(x− i~)Ψ¯3−r(x+ i~) = 1.
(4.14)
These relations can be rigorously proven along the lines of [24], and assuming the
right analytic properties of the relevant functions, a simple heuristic derivation was
also given in [18].
We can now define some η functions by inserting some phase factors into the
quantum Wronskian relations
ηk := ω
3/2
2∑
r=0
ωr−
k+1
2 Ψr(x− i~)Ψ¯k+1−r(x+ i~),
η˜k := ω
3/2
2∑
r=0
ωr−
k+1
2 Ψr(x+
1
2
i~)Ψ¯k+1−r(x− 1
2
i~). (4.15)
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where η2 = η˜2 = 1 according to the quantum Wronskian relations, so here we only
consider the cases of k = 0, 1.
Using the relations 4.13 and 4.11, as well as some heuristic arguments similar to
the derivation of the quantum Wronskian relations in [18], one can derive the follow
difference equations about ηk
sin(3/2~∂x)
sin(1/2~∂x)
ηk = 6~κ sin(
k + 1
3
pi)Rk, (4.16)
where the operator is simply a sum of difference functions sin(3/2~∂x)
sin(1/2~∂x)f(x) = f(x−i~)+
f(x) + f(x+ i~).
Combining the k = 0, 1 equations properly, we get the first TBA-like difference
equation
−κu(x)−1R(x) = η(x− i~) + η(x) + η(x+ i~), (4.17)
where we introduce some more new functions
η := −
1∑
k=0
ω3/2kηk = η1 − η0,
R := ΨΨ¯ = 3
√
3~u(x)(R0 −R1)
Ψ :=
2∑
k=0
ω−kΨk, Ψ¯ :=
2∑
k=0
ωkΨ¯k.
(4.18)
The residue of the function η(x) will be compared with quantum periods. Here
we have chosen a proper normalization and sign which would be convenient for the
comparison.
Using the quantum Wronskian relations, we can get the next TBA-like difference
equation
R(x+ i~)R(x)R(x− i~)
= (1− η(x))(1 + η(x) + η(x− i~))(1 + η(x) + η(x+ i~)). (4.19)
There is another TBA-like difference equation corresponding to R2, and we do
not list it here since we need not it for our purpose. Substituting the equation (4.17)
into (4.19) and setting z := κ−3, we can get the TBA-like difference equation
(1− η(X))(1 + η(X) + η(q−1X))(1 + η(X) + η(qX))
= −zu(q−1X)u(X)u(qX)A(q−1X)A(X)A(qX),
with A(X) := η(q−1X) + η(X) + η(qX).
(4.20)
The above TBA-like equation is valid for any function u(x) as long as ρ is of trace
class. In our particular example, we can use the product formula (4.3) for m = n = 1,
which is
u(q−1X)u(X)u(qX) = X−1(1 +Xq1/2)(1 +Xq−1/2). (4.21)
11
So we finally obtain a TBA-like difference equation for the local P2 model with only
elementary functions
(1− η(X))(1 + η(X) + η(q−1X))(1 + η(X) + η(qX))
= −zX−1(1 +Xq1/2)(1 +Xq−1/2)A(q−1X)A(X)A(qX), (4.22)
We can solve the difference equation 4.20 as the perturbative series of z. We are
interested in the solution with 1 as the leading term, which is
η(X, q, z) = 1 + 3(q−1/2 + q1/2 +X +X−1) +O(z2). (4.23)
We can now compare the residue with the relevant quantum period in (3.6). We check
the relation perturbatively
ResX=0
1
X
η(X, q, z) = 1 + 3θzΠ1, (4.24)
Next we consider the operator Om,n in (3.1) for general m,n. Follow the similar
procedure as in [18], we can derive the relevant TBA-like equations. However, only in
the case of n = 1, we can readily solve the TBA-like equation in perturbative series.
So for our purpose for now we focus on the operators Om,1, which is also the situation
for the first method in the previous section 3. In this case, the resolvent kernel is split
into m + 2 parts. After some calculations, we find the following TBA-like difference
equation for a properly defined function ηm(X)
(1− ηm(X))
0∏
i=−m
B(qiX) = −z
(m+1)/2∏
k=−(m+1)/2
u(qkX)
0∏
i=−(m+1)
A(qiX),
with A(X) :=
m+1∑
i=0
ηm(q
iX), B(X) := 1 +
m∑
i=0
ηm(q
iX).
(4.25)
Again using the product formula (4.3), we arrive at a nice TBA-like equation with
only elementary functions
(1− ηm(X))
0∏
i=−m
B(qiX) = −zX−m
m/2∏
k=−m/2
(1 + qkX)
0∏
i=−(m+1)
A(qiX). (4.26)
For the special case m = 1, this equation for η1(X) := η(X) reduces to (4.22) for
local P2 model. We should note that the ηm(X) function here is completely different
from those in (3.12) in the previous section 3. Without confusing the notations, we
still use the same symbol, since their residue are both related to the same quantum
period and they are self evidently defined by their own TBA-like equations.
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We solve the equations for some small m numbers perturbatively, and list some
results here
η2(X, q, z) = 1 + 4(1 + q
−1X)(1 +X)(1 + qX)X−1z +O(z2),
η3(X, q, z) = 1 + 5(1 + q
− 3
2X)(1 + q−
1
2X)(1 + q
1
2X)(1 + q
3
2X)X−1z +O(z2),
η4(X, q, z) = 1 + 6(1 + q
−2X)(1 + q−1X)(1 +X)(1 + qX)(1 + q2X)X−1z +O(z2).
(4.27)
We take residue for X at 0, and check perturbatively the the following relations with
quantum periods in (3.6) for some small m numbers
ResX=0
1
X
ηm(X, q, z) = 1 + (m+ 2)θzΠm. (4.28)
5 Discussions
The quantum corrections to classical periods can be expressed exactly as differential
operators acting on the classical periods. As exemplified in our paper [17], these
differential operators can be derived more easily using the corresponding TBA-like
equations. In the class of geometries of Om,1 operator, the TBA-like equations (3.12)
in Section 3 are similar to those of P1 × P1 geometry in [17]. For example, in the
classical limit ~ → 0, the TBA-like equation becomes a simple quadratic equation
with no linear term, which is simpler than the analogous equation in the calculations
of the classical period. So we expect that it should be a straightforward exercise
to work out the differential operators of quantum corrections with no surprise. If
interesting circumstances and applications arise in the future, one may use the TBA-
like equations (3.12) in Section 3 to more easily work out the details of the differential
operators for quantum corrections.
However, the TBA-like equations (4.26) in Section 4 are more complicated. In the
classical limit, it becomes a degree m + 2 polynomial equation for ηm. For m = 1, 2
one can still have analytic solution, as also considered in [18]. However it does not
generically have an algebraic solution for m > 2. So it seems that the TBA-like
equations (4.26) are only suitable for calculations in small z perturbation, but not
much in small ~ perturbation.
The most intriguing feature of this paper is that the two different approaches in
Sections 3 and 4 give rise to entirely different TBA-like equations and perturbative
solutions for the class of Calabi-Yau geometries. However, in both cases, the residues
of the perturbative solutions of TBA-like equations are related to the same quantum
period as in (3.14, 4.28). In one particular case, namely the geometry of O2,1 operator,
we even have three different TBA-like equations due to a geometric equivalence of
the local F0 and F2 Calabi-Yau models, see e.g. (3.15) for the extra equation. In
this sense, our paper provides multiple different realizations of the same geometry.
It would be interesting to study how the residues in these different looking TBA-like
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equations may be directly related without using quantum periods as a connecting
hub.
Certainly, it would be interesting to further generalize the results to more Calabi-
Yau geometries and consider a bigger moduli space instead of the one-parameter
space in this paper. For example, in the case of local Calabi-Yau geometries with
multiple A-periods, it is found that their quantum corrections are described by the
same differential operators [10]. It seems that the general formalism here would need
to be much improved to find all the TBA-like equations for the quantum periods of
the different A-cycles of a Calabi-Yau geometry.
It may be interesting to follow the steps in [15] to provide a more rigorous deriva-
tion of the relation between quantum periods and TBA-like equations discussed here.
However, for the first method in Section 3, as we mentioned, the spectral theory is
merely used as a formal trick, and may not be well behaved since the integral kernel
may not be of trace class. So it seems unlikely at least in this case that one may
establish a rigorous link using the spectral theory, and some new and more unifying
approaches may be needed.
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A Quantum dilogarithm
We provide some useful properties of Faddeev’s quantum dilogarithm, defined e.g. in
[27]. First, the (conventional) quantum dilogarithm is defined by
φ(x) ≡ (x; q)∞ =
∞∏
n=0
(1− xqn), |q| < 1 (A.1)
The Faddeev’s quantum dilogarithm can be defined by
Φb(x) =
(e2pib(x+cb); e2piib
2
)∞
(e2pib−1(x−cb); e−2piib−2)∞
, (A.2)
where cb =
i
2
(b+b−1). The formula is well defined for =(b2) > 0 but can be analytically
extended to all values of b except for b2 a non-positive real number. In this paper we
simply call this function Φb(x) the quantum dilogarithm.
A useful property is the unitarity relation
Φb(x)
∗Φb(x¯) = 1. (A.3)
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In particular, for a real number x we have |Φb(x)| = 1, which is just a pure phase.
The following quasi-periodic relations are also frequently used in this paper
Φb(x− ib)
Φb(x)
= 1− e2pib(x−cb),
Φb(x− ib−1)
Φb(x)
= 1− e2pib−1(x−cb).
(A.4)
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